This paper introduces an advanced pure pursuit guidance method for chase UAV. The advanced pure pursuit guidance method employs a sliding mode approach using a proper Lyapunov function, which is based on a three-dimensional expression related to a line of sight (LOS) angle. In order to apply the sliding mode approach to the pure pursuit guidance, a simple surface vector and a derivation scheme from the sliding approach solution are also introduced. The guidance and control system employs the advanced pure pursuit guidance to determine the UAV's commanded bank angle and angle of attack , and a two-time scaled dynamic inversion technique to control the attitude, which draws on the UAV's high maneuverability and chasing capability. 
I. Introduction
AV (Uninhabited Aerial Vehicles) deployments tend to be increasing and their uses seem to be expanding to many spheres. Some example domains are surveillance, reconnaissance, sampling, crop-dusting, and so on 1, 2 . Each UAV has, so far, only one task in one flight, but it is predicted that a UAV or a group of UAVs will have many tasks at the same time in one flight sortie in the near future. Although each UAV has restrictions on payloads and on the scope of the tasks, an additional chase UAV or UAVs might compensate for those restrictions or expand their ability to carry more payloads and to conduct several tasks simultaneously. Once a UAV is equipped with maneuvering ability against a moving target, we can let the UAV execute some tasks automatically, such as, formation flight, 5 target aircraft following, 6,7 path-following flight. [8] [9] [10] [11] This paper concentrates on the target following UAVs and introduces an advanced pure pursuit guidance method with full model of six-degree-offreedom, non-linear equations of motion, with the help of an attitude and velocity controller taking account of aircraft dynamics. A dynamic inversion approach is used for attitude control in order to enhance the maneuverability of UAV. Dynamic inversion techniques 8, 13, 14 are one of the most well-known control schemes for non-linear dynamic systems. A dynamic inversion technique with two-time scale separation [15] [16] [17] can be applied for the UAV guidance, which allows one to reduce the order of the controller. Proportional navigation 18, 19 could be considered for guidance, but unlike the case of missiles, the chase aircraft might have almost the same amount of the velocity as a target aircraft. That means that the chase aircraft tends to fly away from the target aircraft when the relative closing velocity is negative. 4, 19 For this reason, the pure pursuit guidance law is applied for the basic guidance. The pure pursuit guidance lets the chase aircraft head towards the leader at any time. However, when the UAV comes close to the target, the pure pursuit guidance tends to be sensitive to the target maneuver and therefore might cause some problems. This paper introduces another approach, which is still based on the line-of-sight (LOS) three-dimensional representation. However, this paper develops with a sliding mode approach [20] [21] [22] , which might show the robustness against a target's uncertain maneuvers. Since the pure pursuit guidance can, in nature, head toward a target point U only and never works directly for the velocity control along the velocity vector, a velocity control system is necessary to keep a relative desired distance from the target aircraft. The velocity control is also based on dynamic inversion, which takes account of the aircraft dynamics 23 . In this paper, at first, the body axes and full, rigid body, six-degree-of-freedom, non-linear equations of motion are explained. Then, the advanced sliding mode based guidance part of the guidance and control system for chase UAV, to implement the pure pursuit guidance law is discussed. Potential of the new approach is demonstrated some simulation results.
II. Guidance and Control System
A. Equations of motion Figure 1 illustrates the coordinate system employed in this study. The complete, six-degree-of-freedom (6DOF), nonlinear, rigid-body dynamics for fixed-wing UAV with respect to the body-fixed axis system in Fig. 1 are modeled by the following 12 first-order, differential equations. (12) where we assumed the aerodynamic coefficients appeared in the above equations as follows:
Equations (1-3), Eqs. (4-6), Eqs. (7-9), and Eqs. (10) (11) (12) are the force equations, the moment equations, the rotational kinematic equations, and the navigation equations, respectively. The dynamics are governed by the first nine equations while the navigation equations are used only for simulations to calculate the UAV position with respect to the earth frame.
B. The pure pursuit guidance law
Before discussing about the advanced pure pursuit guidance, it would be better to summarize the pure pursuit guidance scheme. Generally, the pure pursuit guidance might not be used to guide a flying vehicle for rendezvous or intercept purpose if the vehicle velocity becomes 1.5 times greater than the target velocity because the guidance forces tends to diverge when the relative distance between the vehicle and the target becomes zero. 18 But those problems will not occur for a chasing purpose in keeping the relative distance because the UAV velocity can be maintained almost the same velocity as the target one even when a desired relative distance achieved. It means that the relative distance can be controlled to keep a desired value, not to be zero. Although the proportional navigation (PN) guidance might be also considered as well, the PN guidance is prone to guide away from the target when the closing velocity is negative (the target velocity is greater than that of the UAV.) On the other hand, the pure pursuit guidance always guides the UAV to orient in the target direction independent of the current velocities of either vehicle. Therefore, we use the pure pursuit guidance in this study. Assume that a chase UAV with the velocity of (19) In order to guide the chase UAV into the pure pursuit course, the following acceleration feedback is required so that Eq. (19) can hold.
where N is a navigation constant to adjust the acceleration. The following equation might be preferable instead of using Eq. (20) for implementation purposes in the real system, especially when the LOS angle is large in applying the real LOS angle feedback.
where is the LOS angle. The equation above means that a desired acceleration is exactly proportional to the LOS angle which is measured from, for example, a seeker's angles. But we use Eq. (20) in this study for simplicity. From the Newton's second laws, the required guidance force, along with the gravity compensation, can be expressed as: (22) where the vector g is a gravity vector. In this way, the desired guidance forces are obtained.
C. Derivation of command values
The desired guidance forces are achieved by changing the direction and magnitude of the force vector acting on the UAV. The direction and magnitude of the force vector can be changed generally by altering the UAV's slow dynamic states, that is, the angle of attack (AoA), the sideslip angle, and the roll (or bank) angle. The desired AoA, sideslip angle, and roll (or bank) angle can be calculated from the desired forces in Eq. (22) . The guidance forces appeared in Eq. (22) with respect to the velocity axes, (23) are used to calculate the desired lift, d L and the desired roll angle, d W , , while assuming that the turns are coordinated flight, that is, with a zero-sideslip angle. The desired AoA, sideslip angle and bank angle can be expressed by the following simple equations using the guidance forces in Eq. (22) .
where
The above equations are easily determined geometrically. (28) where C S becomes a sliding surface vector in this study. The absolute value of this equation equals the sin of the line of sight (LOS) angle formed by the line of sight (LOS) vector R and the chase UAV's velocity vector C V as shown in Fig. 2 . The derivatives of C S is calculated as
Using the following simple relations
Equation (29) can be reduced as
The following components with respect to the velocity axes can be substituted in the above equations.
where u , and u are, respectively vertical and lateral acceleration and are represented as inputs for the sliding mode approach. The substitution of these equations for Eq. (32) and (28), and assuming 0
The goal is to find input u u such that the sliding surfaces, that are the components of C S , reach zero in a finite time. In order to accomplish this, a Lyapunov function is chosen as
Taking the time derivative of the Lyapunov function above lead to
If this equation is always negative, the Lyapunov function approaches zero in a finite time. In this regard, the following controls are chosen.
where sgn(*) is a signum function, and and are positive constants. Substituting these input for Eq. ( 37) yields
When applying sliding mode approach, chattering of control signals might occur around the trim point. In order to avoid the 'chattering' phenomenon, the following saturation functions are applied instead of the signum function:
where is a small positive number.
E. Derivation of command values for the APPG
As described earlier, u and u are, respectively, the vertical and the lateral acceleration components, therefore, u and u can be related to the dynamics using a point mass model of the equations of motion: The subscript, d in the above equations denotes a desired value.
F. Control
Any controller can be used to achieve the desired angle of attack and bank angle. The dynamics inversion controller is used in this study for the following reasons: a) Point mass model are often used for aircraft guidance and/or optimal control analysis in which angle of attack and bank angle are normally used as inputs. Note that these are also the dynamic inversion inputs making the synthesis easy to use. b) Desired angle of attack and bank angle can be achieved by a pre-specified time according to a pre-specified time constant, representing a system cut-off frequency. c) It is not necessary to calculate a trim condition for the analysis or the simulation. d) Tedious gain tuning is not required for the controller. Just set cut-off frequencies of the related dynamics of concern. Figure 3 portrays a schematic diagram of the guidance and control system used in this study. Further details of the dynamic inversion controller in the dynamic inversion block appearing in Fig. 3 are summarized in the Appendices in this paper.
III. SIMULATIONS
We conducted several simulations using the YF-16 model 22 as a chase UAV to demonstrate the chasing performance of the proposed guidance and control systems. One set of representative simulation results is presented in this paper. Table  1 gives the initial condition and parameter settings of these simulations. Navigation constant for the conventional pure pursuit guidance is set as 2 as has been done in the literature (see Ref. 11) . The following assumptions were made to simplify the problem and to demonstrate the total system performance.
1) Ambient atmosphere is stationary. 2) The mass of the aircraft is constant and the engine momentum is negligible.
3) The aircraft model is available and aerodynamic uncertainties are negligible. 4) The target aircraft's direction, distance and relative velocity information is available.
The assumptions 1) and 3) may be violated in some situations, but robustness for model uncertainties and external disturbance such as gust may be compensated with the inner or outer loop design of the dynamic inversion controller appeared, for example, in Refs. 25-28, instead of using the proportional control. indicates results using the proposed advanced pure pursuit guidance (APPG) whereas label b) shows the results by using the conventional pure pursuit guidance (PPG). Figure 4 shows trajectories of the target and the chase UAV in three-dimensional space while Figures 5 and 6 are time histories of the respective velocity and attitude, along with the target ones during the flight. It is hard to see the differences between the APPG and PPG methods. In other words, regardless of the guidance methods, the attitude and velocity controllers work well using both methods. Figure 7 shows the time histories of the load factor of the chase UAV along with the target. In both cases, the chase UAV motion is slightly delayed from the target. The period of the load factor using the APPG is almost the same as the target, on the other hand, PPG is delayed gradually as times goes. APPG method suppresses the LOS angle error and the error of the relative distance between the UAV and the target to some extent while the PPG method enlarges those values more than three times greater than in those APPG as shown in Fig. 8 . Figures 9-13 show similar simulations but with a target weaving frequency of 2.0 rad/s different from the previous simulations. It is obvious in those figures that when the target maneuver frequency becomes high, APPG can still guide the UAV while the PPG cannot. It seems that the zero effort guidance would even be better than using the PPG guidance. As can be seen in Fig. 11 , the APPG's guidance commands are periodic according to the target maneuver whereas the PPG's commands are not, thus affecting the load factors and the trajectory. These results prove that the proposed advanced pure pursuit guidance via sliding mode approach can draw on the UAV's high maneuverability along with a proper controller, such as a dynamic inversion controller.
IV. Conclusions
An advanced pure pursuit guidance method based on a sliding mode approach for chase UAV is introduced. The proposed guidance method shows good performance compared to the conventional pure pursuit guidance. The advanced pure pursuit guidance law is useful to generate the guidance commands, connected to a dynamic inversion technique, which uses the UAV's high maneuverability and chasing capability from an automatic chase UAV.
Appendix A. Dynamic inversion
In order to achieve the desired AoA, sideslip angle, and roll angle, we employed the two-time scaled dynamic inversion (DI) method. [15] [16] [17] The two-time scaled DI method can reduce the controller order, which make the design process simple, and can avoid a tiresome control design problem arising in non-minimum phase systems. Figure A shows the schematic two-time scaled DI controller block diagrams used in this study. 6, 8, 10 The inner-loop in The last two equations and Eq. (7) form the slow-state dynamics concerned with , , and .
The desired outer-loop slow dynamics used in this study are specified by Eq. (A4). 
Equation (A18) represents the inverse system of the fast states dynamics, which yields the desired control surface commands.
Appendix B. Velocity control
The dynamic inversions described above are used only for the attitude control and none of them works for the velocity control. In considering the chasing capabilities of a UAV, one must take into account its velocity control, which is necessary to keep a desired distance from the target aircraft. Figure B The UAV, as well as aircraft, has no active brake in the air. Therefore, the velocity is generally controlled gradually relative to an attitude control. The gains R K and V K shown in Eq. (B1) must be determined taking account of this fact. The desired velocity control system depicted in Fig. 6 is represented as shown below
The characteristic equation of a general quadratic system is defined with damping ratio and natural angular frequency n . Comparing the characteristic equation in the above equation with the desired velocity control system, the characteristics of the desired velocity dynamic system are represented as follows. 
In order that vibration of the velocity response be alleviated for smooth following purpose, is set around 1; is determined using the following approximated equation, which is based on the approximated long-period mode for the UAV as well as general aircraft so that the velocity response converges gradually. 
